Abstract. We show that for every finitely presented pro-p nilpotent-by-abelianby-finite group G there is an upper bound on dim Qp (H 1 (M, Zp) ⊗ Zp Qp), as M runs through all pro-p subgroups of finite index in G.
for a pro-p group G which is the inverse limit of its finite p-group quotients G/U , homology is defined in terms of modules over the completed group algebra Z p [ To prove the following theorem, we will reduce to the metabelian case and then apply Proposition B.
Theorem C. Let G be a finitely generated pro-p group that is nilpotent-by-(torsionfree abelian). If sup G/H ∼ =Zp d(H) < ∞, then
where A is the set of all pro-p subgroups of finite index in G.
By combining Theorem C with Proposition A and using the fact that a subgroup of finite index in a finitely presented group is finitely presented, we obtain the result stated in the abstract.
Corollary D. For every finitely presented pro-p nilpotent-by-abelian-by-finite group G, there is an upper bound on rk H 1 (M, Z p ), as M runs through all pro-p subgroups of finite index in G.
We separated Theorem C from Corollary D because, as we shall explain in Section 6, there are interesting examples of metabelian pro-p groups, arising in the work of Jeremy King [8] , that are not finitely presented but still satisfy the conclusion of Proposition A. In Section 6 we shall also describe examples which show that Theorem C can fail when one changes the field of coefficients from Q p to F p .
The analogue of Corollary D in the setting of discrete groups is this: if G is finitely presented and nilpotent-by-abelian-by-finite, then there is an upper bound on dim Q H 1 (M, Q), where M runs through all subgroups of finite index in G. This was our main result in [4] . It was proved independently by Andrei Jaikin Zapirain [6] in the metabelian case under the weaker hypothesis dim Q H 0 (Q, H 2 (N, Q)) < ∞.
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Preliminaries
2.1. Generating sets. For a pro-p group G with a subset X denote by X the pro-p subgroup generated by X i.e. the smallest pro-p subgroup of G that contains X. If G = X we say that X is a generating set for G.
2.2.
Completed tensor products. Let R be a profinite ring, V 1 a profinite right R-module and V 2 a profinite left R-module. The profinite tensor product V 1 ⊗ R V 2 can be defined either by a universal property or as an inverse limit of finite abstract tensor products [11] . In the case when at least one of V 1 and V 2 is finitely presented as a profinite R-module, there is a natural isomorphism
Thus, whenever possible (e.g. Proposition B and Theorem C) we use the notation ⊗, reserving ⊗ to emphasize the need for completed tensor products when we do not know whether either of the profinite modules is finitely presented. In this paper, the only profinite modules we consider are pro-p modules over pro-p rings.
2.3.
Noetherian completed group algebras. Let Q be a finitely generated prop abelian group. Q ∼ = Q 0 ⊕ K, where K is a finite abelian p-group and 2.4. Primary decomposition in Noetherian rings. We recall some basic ideas from commutative algebra; see [5, Chapter 3] or [2] . Let R be a commutative Noetherian ring with unit and M a finitely generated R-module. An associate prime of M is a prime ideal P of R such that R/P arises as an R-submodule of M (i.e. P = ann R (m) for some m ∈ M ). The set of associated primes of M is finite and is denote by Ass(M ). All of the minimal primes among the prime ideals containing ann R (M ) are associated primes of M . An R-module W is call P -primary if Ass(W ) = {P }. In this case P acts nilpotently on W .
For any R-submodule V of M there is a primary decomposition V = V 1 ∩ V 2 ∩ . . . ∩ V s , where for each V i we have that M/V i is P i -primary and the prime ideals P i are pairwise distinct (although one can be included in another). The prime ideals P 1 , . . . , P s are the associated primes of M/V . The component V i is unique if P i is minimal (with respect to inclusion) among the associated primes Ass(M/V ).
We will apply the primary decomposition for
and M a finitely generated pro-p R-module. As explained in the previous subsection, we are free to ignore the topological structure of M and view it as an abstract R-module. All abstract R-submodules of M are finitely generated as abstract R-submodules and are automatically pro-p R-submodules. 
Proof of Proposition
where H ′ is the pro-p subgroup of H generated by commutators, H p is the pro-p subgroup of H generated by all the set {h
There is an isomorphism of modules
with q acting as multiplication by t + 1. (Here we have used the fact that every ideal of
By [12, Cor. B] , there is a constant k such that for every pro-p subgroup U of finite index in G we have
We apply this to
noting that since U is a split extension of H by the pro-p subgroup generated by q
where the second summand F p is generated by the image of q
is given by multiplication with the image of (1 + t)
we are in characteristic p, is 1 + t
and by (3.2) we have
Combining this with (3.1) we get
Proof of Proposition B
Throughout this section we write R for the completed group algebra
]. This is a local ring whose unique maximal ideal is the kernel P of the natural morphism
We are given a free abelian pro-p group of finite rank Q and a finitely generated R-module A, which we know to be Noetherian. We assume that as H < Q ranges over the normal pro-p subgroups with 
where P m,i is a prime ideal in R, and
Note that, by the definition of an associate prime ideal, R/P m,i embeds in
has Krull dimension 1, so either P m,i is the unique maximal ideal P ⊳ R or else P m,i is a minimal among the prime ideals containing J m and there is no prime ideal P 0 lying strictly between P m,i and P . Furthermore, by [5, Thm. 3 .1], every ideal in R that is minimal among the prime ideals containing J m is an associated prime ideal of A/A m .
The following lemma is used to limit the possibilities for the domain R/P m,i . Recall that B is the set of pro-p subgroups H ⊳ Q with Q/H ∼ = Z p .
Proof. Let F m,i be the abstract field of fractions of the (abstract) domain R/P m,i . The lemma is equivalent to the assertion that the image of Q in F m,i is a cyclic group. Note that we already know that the image of Q in F m,i is finite.
We consider two cases. First suppose that F m,i has characteristic 0. Then the subfield in F m,i generated by Q and the image of Q is inside the spliting field K m,i (over Q) of the polynomial x s −1, where s is the exponent of the image of Q in F m,i . By the uniqueness of the splitting field (up to isomophism), K m,i is isomorphic to the subfield of C generated by Q and a primitive s-th root of unity. In particular the image of Q in F m,i is cyclic, as claimed.
Suppose now that F m,i has positive characteristic. Since the elements of Z p pZ p are invertible in Z p , the characteristic of F m,i is p. By (4.1) F m,i is a finite field, hence F * m,i is a cyclic group of order coprime to p. It follows that the image of Q in F m,i is trivial and F m,i = F p , so P m,i = P and the lemma holds.
Lemma 4.2. Let X m = {P m,1 , . . . , P m,j } and define X = ∪ m≥1 X m . Then X is finite.
Proof. Consider P m,i = P . Write W m,i = A/N m,i and note that by [5, Prop. 3 .9] P m,i acts nilpotently on W m,i i.e. there is some s m,i ∈ N such that W m,i P sm,i m,i = 0. We claim that
To see this, note that for any ideal S ⊳ R that strictly contains P m,i , the radical √ S is the intersection of the minimal elements in the set of prime ideals containing S. We are in Krull dimension one, so √ S = P . Since R is Noetherian, we have √ S z ⊆ S for some z ∈ N, and therefore S has finite index in R (as an abelian subgroup). Thus, if ann R (V m,i ) were to contain P m,i as a proper ideal, then ann R (V m,i ) has finite index in R, forcing V m,i and W m,i to be finite. But this would mean that the domain R/P m,i was finite, hence a field. Since P is the unique maximal ideal in R, this would imply P m,i = P , contrary to hypothesis. By Lemma 4.1, there is H 0 ∈ B such that H 0 − 1 ⊆ P m,i . Then H 0 acts trivially on V m,i and so
Recall that the minimal number of generators of a pro-p group B is
Since P m,i is an associated prime for V m,i we deduce that R/P m,i embeds in V m,i , so
At this stage we have established the following weak form of the conclusion |X| < ∞ that we seek:
As before, we write F m,i for the abstract field of fractions of the domain R/P m,i .
.) Let Q m,i be the image of Q in R/P m,i . From Lemma 4.1 we know that Q m,i is finite cyclic, of p-power order.
If the characteristic of F m,i was positive, it would be p. But then, as in the proof of Lemma 4.1, we would get P m,i = P , a contradiction. Therefore, F m,i has characteristic 0, in which case R/P m,i ∼ = Z d(j) p for some d(j) ≤ δ, and Q m,i occurs as a finite cyclic subgroup of GL δ (Z p ). This is a virtually pro-p analytic, and therefore it has finite virtual cohomological dimension [10] . (We refer to [14] for background on pro-p analytic groups.) It follows that there is an upper bound on the finite subgroups of GL d (Z p ), yielding an integer r (a power of p) such that the order of each Q m,i always divides r.
We have proved (Q r − 1) ⊆ P m,i for all P m,i ∈ X, and the lemma now follows from the observation that in R = Z Proof. Note that if m 1 ≥ m 2 are powers of p, then A/A m2 is a quotient of A/A m1 , hence J m1 ⊆ J m2 . We claim that
where P is the unique maximal ideal of
Indeed by the paragraph after (4.1) any minimal prime ideal P m2,i above J m2 such that P m2,i = P belongs to X m2 and any element of X m2 \ {P } is of this type. Thus there is no prime ideal of
] that contains J m1 and is strictly contained in P m2,i (otherwise there would be a nested sequence of three primes ideals above J m1 , which would contradict the paragraph after (4.1) with m = m 1 ). Thus P m2,i is a minimal prime above J m1 , so P m2,i ∈ X m1 and (4.2) holds. By Lemma 4.2 X = ∪ m X m is a finite set of primes. This together with (4.2) implies the existence of m 0 , a power of p, such that because, as we noted earlier, that for any ideal S ⊳ R, the radical √ S is the intersection of the minimal elements in the set of prime ideals containing S. Note that in the case X = {P } we have X m = X m0 = X, so Proof of Proposition B. We fix a finite set of generators a 1 , . . . , a s for A as an Rmodule. Then A/A m is generated as an R/J m -module by the images of a 1 , . . . , a s and we have an epimorphism of R/J m -modules (R/J m ) s → A/A m inducing an epimorphism of finite dimensional Q p -modules
And, by definition, A/
A m = A ⊗ Zp[[Q m ]] Z p .
Proof of Theorem C
We shall see that in the metabelian case, Theorem C can be deduced from Proposition B by means of straightforward calculations in homological algebra. The following proposition reduces the general case to the metabelian case. For a pro-p group H let {γ i (H)} i≥1 be the lower central series of H. By definition
Proposition 5.1. Let N G ։ Q be a short exact sequence of pro-p groups, where N is nilpotent, Q is abelian and G is finitely generated. Let G n be a pro-p subgroup of finite index in G and let G n be the image of G n in the metabelian group
Proof. We write Q n = G n N/N for the image of
In this paragraph all completed tensor products are over Z p . We think of
, where the commutator is left-normed. Thus we get
has finite index in V , by induction on i we see that
Lemma 5.2. Let N G ։ Q be a short exact sequence of pro-p groups with G finitely generated. Then
where all tensor products are over Z p .
Proof. Recall that for any finitely generated pro-p group,
Part (i) follows immediately from the following exact sequence (which is part of the 5-term exact sequence in homology)
Part (ii) follows from the exact sequence (which is also part of a 5-term exact sequence)
Proof of Theorem C. We start with a short exact sequence of pro-p groups M G ։ G/M with M nilpotent and G/M torsion-free and abelian. Since G/G ′ is a finitely generated abelian pro-p group, it is the direct sum of a finite p-group T and a free pro-p abelian group Z n p . Let N be the full pre-image of T in G. Since G/M is torsion-free abelian, N ⊆ M ; in particular N is nilpotent. Thus we have a short exact sequence of pro-p groups N G ։ Z n p . And by construction, N ⊂ H for every normal
This bound tells us that our hypothesis on G is preserved if we replace G by G/N ′ , and Proposition 5.1 assures us that if we can prove the theorem for G = G/N ′ , then the result will follow for G. Thus we assume henceforth that A = N and G = G.
By applying Lemma 5.2(i) to the short exact sequence . From Proposition B we deduce that
Let G m be a pro-p subgroup of finite index in G and consider the following exact sequence
Because A/A ∩ G m is finite, the first and last groups in this sequence are torsion, so
Then, by applying Lemma 5.
The use of ⊗ rather than⊗ is permitted because the trivial module Zp is finitely presented over Zp [[G] ] for every finitely generated pro-p group G.
where n is the rank of G m /(A ∩ G m ), which has finite index in Q = G/A. Finally, taking a p-power s such that
Then (5.1) completes the proof.
Examples
In this section we shall present two examples to show that Theorem C fails if the coefficient field Q p is replaced by F p . We shall then explain an example due to Jeremy King [9] which shows that Theorem C is of interest beyond the setting of finitely presented groups.
As we noted in the introduction, finite presentability for pro-p groups is essentially a homological condition. More precisely, a pro-p group G is finitely presented if and only if is of type FP 2 . In the pro-p setting, a group G is defined to be of type This criterion for finitely presentability of metabelian pro-p groups plays a crucial role in our examples: it is hidden in our appeals to King's papers [7] , [9] . 6.1. The first example: switching to F p when p is odd. Suppose p > 2 and consider the pro-p group G = A ⋊ Q where A = F p [[t]] and Q = x, y = Z p × Z p , with x acting as multiplication by 1 + t while y acts as multiplication by 1 + 2t. By [9, Thm. A], G is finitely presented. And since (1 + τ )
where A is the set of all pro-p subgroups of finite index in G. 
where A is the set of all pro-2 subgroups of finite index in G.
6.3.
King's example. Let p be an odd prime, let
and, following [7] , consider the pro-p group G = A ⋊ Q. By [7, Prop. 3 .4] G is not finitely presented and by [7, Prop. 3.5] for every normal pro-p subgroup N of G such that G/N ∼ = Z p we have that N is finitely generated i.e. d(N ) < ∞. Our aim is to show that
Theorem C can then be applied to G, even though G is not finitely presented.
To this end, observe first that N = A ⋊ H, where H is a pro-p subgroup of Q with Q/H ∼ = Z p . According to Lemma 5.2(i), we will be done if we can bound the dimension of H 0 (H, H 1 (A, F p )) = A ⊗ Fp[[H]] F p . Since the relation that defines A is symmetric with respect to x and y, we can assume that H = xy −λ for some λ ∈ Z p . Indeed we have that H = x i y j with i, j ∈ Z p such that the ideal of Z p generated by i and j is the whole ring Z p . Then i / ∈ pZ p or j / ∈ pZ p . Since Z p \ pZ p is the set of invertible elements in Z p we can assume that i or j is invertible; say i is invertible. Then for λ = −ji where f λ = (1 + t) λ + (1 + t) −λ + (1 + t) + (1 + t) −1 − 4.
We claim that as λ varies, the first non-zero coefficient of f λ appears in degree less than p, in other words, Note that if z 0 > 0 then a 0 + z 0 = p. In particular, taking λ = z 0 = 1 we have
In general,
where g λ = (1 + t) z0 + (1 + t) a0 + (1 + t) + (1 + t) p−1 − 4. To establish (6.1) we must argue that g λ is a non-zero polynomial. If z 0 = 0 then a 0 = 0 and g λ = t + (1 + t) p−1 − 1, which is a non-zero element of F p [t] because p > 2. If z 0 > 0 then g λ = (1 + t) z0 + (1 + t) p−z0 + (1 + t) + (1 + t) p−1 − 4, which is again non-zero. This completes the proof. By calculating with binomial coefficients, one can replace (6.1) by a bound that is independent of p > 2.
